We investigate the non-Gaussianity of primordial cosmological perturbations within our recently proposed holographic description of inflationary universes. We derive a holographic formula that determines the bispectrum of cosmological curvature perturbations in terms of correlation functions of a holographically dual three-dimensional non-gravitational quantum field theory (QFT). This allows us to compute the primordial bispectrum for a universe which started in a non-geometric holographic phase, using perturbative QFT calculations. Strikingly, for a class of models specified by a three-dimensional superrenormalisable QFT, the primordial bispectrum is of exactly the factorisable equilateral form with f equil. N L = 5/36, irrespective of the details of the dual QFT.
Contents 1 Introduction
Primordial cosmological perturbations and their properties provide some of the best observational clues to the physics of the very early universe. Acting as the seed for structure formation, these initial inhomogeneities left behind an imprint in the cosmic microwave background (CMB), and in the distribution of large-scale structure, through which their properties may be directly inferred. To date, there is no compelling evidence for any departure from Gaussianity: the different Fourier modes of the perturbations appear to be uncorrelated, with random phases. This implies that all higher correlation functions of the primordial perturbations may be expressed in terms of the 2-point function, or equivalently its Fourier transform, the power spectrum ∆ 2 S (q). In particular, the 3-point function and all odd higher-order correlators should vanish.
Nevertheless, the significant improvement in observational data expected in the very near future may change this situation. Quantitatively, the Fourier transform of the 3-point function of curvature perturbations, the scalar bispectrum, may be parameterised by an overall amplitude, f N L , along with a momentum dependence or 'shape' function (see [1, 2, 3, 4 ] for reviews). From the WMAP 7-year data [5] , the observational constraints on f N L , for two specific choices of shape function, are 
where the first value corresponds to the 'local' shape [6, 7, 8] and the second corresponds to the 'equilateral' shape [9] . In just a few years' time, the results from the Planck satellite are expected to further reduce the uncertainty on f N L to approximately ∆f N L ∼ 5 [8] . Constraints deriving from observations of large-scale structure may also in future be competitive with those from the CMB [10] .
In view of its power to elucidate features of the mechanism through which the primordial perturbations were generated, any future detection of primordial non-Gaussianity will be of paramount importance for cosmology. In the context of inflation, the leading candidate for such a mechanism, primordial non-Gaussianity reveals details of the dynamical interactions present during the inflationary epoch.
In the simplest models of inflation, based on a single scalar field slowly rolling down a potential, these interactions are suppressed by powers of the slow-roll parameters giving rise to an f N L of first order in slow-roll (i.e., f N L ∼ O(0.01)) [6, 11, 12, 13, 14] . More elaborate inflationary models including, e.g., multiple scalar fields [15, 16, 17, 18, 19] , non-canonical Figure 1 : The 'pseudo'-QFT dual to inflationary cosmology is operationally defined using the domain-wall/cosmology correspondence and standard gauge/gravity duality.
kinetic terms [20, 21, 22] , inhomogeneous reheating [23] , features in the potential [24, 25, 26] , or initial state modifications [27, 28, 29] all give rise to a considerable range of f N L values, as well as different predictions for the shape function. Since there is often little to distinguish models at the level of the power spectrum, non-Gaussianity provides a powerful means of observationally discriminating between the various inflationary candidates, as well as serving to constrain other non-inflationary scenarios [30] . Note for these purposes it is necessary to distinguish the primordial non-Gaussianity generated during the inflationary epoch from that generated in later stages of cosmological evolution (e.g., by the nonlinear evolution of perturbations after they re-enter the horizon in the matter and radiation eras, and by nonlinearities in the relation between metric fluctuations and temperature fluctuations in the CMB). With a sufficiently accurate understanding of their physics [31, 32] , these latter sources of nonGaussianity may be subtracted off to leave the primordial component of principal interest for constraining cosmological models.
In the present paper, we initiate the investigation of primordial non-Gaussianity for our recently proposed holographic description of inflationary cosmology [33, 34, 35] . The key to this description is the holographic framework depicted in Figure 1 , which connects fourdimensional inflationary universes with three-dimensional non-gravitational QFTs. The basic ingredients are ordinary gauge/gravity duality (corresponding to the uppermost arrow in the figure), combined with the domain/wall cosmology correspondence [36, 37, 38] (lefthand vertical arrow), a simple analytic continuation relating cosmologies to domain-wall spacetimes describing holographic RG flows. This bulk analytic continuation may be re-expressed in the language of the dual QFT (righthand vertical arrow), whereupon it takes correlators of the dual QFT to correlators of the so-called 'pseudo'-QFT, which we propose is dual to the original cosmology (lower dashed arrow).
On the basis of this framework, cosmological observables may be re-expressed in terms of correlators of the dual QFT. At the level of linear perturbation theory, exact formulae have been derived relating the cosmological scalar and tensor power spectra with the 2-point function for the stress-energy tensor of the dual QFT [33, 34] . The first major goal of the present work will be to extend this correspondence to quadratic order in perturbation theory. Focusing on the scalar bispectrum, the cosmological observable most relevant to the present and forthcoming observational data, we will show how this quantity may be naturally re-expressed in terms of the 3-point function of the dual stress-energy tensor 1 . Analogous formulae for other non-Gaussian cosmological observables may be derived by similar methods and will be reported elsewhere [40] . The Hamiltonian holographic renormalisation method we develop for computing 3-point functions is based on [41, 42] , and may well be of utility in a wider holographic context 2 .
One striking feature of holographic dualities is that they are strong/weak coupling dualities, meaning that when one description is weakly coupled, the other is strongly coupled, and vice versa. In the regime where the dual QFT is strongly coupled then, the gravitational description is weakly coupled and our holographic formulae should (and indeed they do)
reproduce the results of standard single-field inflation. In this situation, the application of our holographic framework offers a fresh perspective, and may lead to new insights, but offers no new predictions.
In the regime in which the dual QFT is weakly coupled, however, the corresponding gravitational description is instead strongly coupled at very early times. We emphasize that by 'strongly coupled' gravity we do not mean that the perturbative fluctuations around the background FRW spacetime are strongly coupled, but rather, that the description in terms of metric fluctuations is itself not valid. This is a non-geometric 'stringy' phase. A geometric description emerges only asymptotically, and at late times one recovers a specific accelerating FRW spacetime (to be matched to conventional hot big bang cosmology), along with a specific set of inhomogeneities. Crucially, these inhomogeneities are not linked with a perturbative quantisation around the FRW spacetime as in conventional inflation, but rather, they originate from the dynamics of the dual weakly coupled QFT. Holography thus suggests a natural 1 For earlier work in a similar spirit, see [39] . 2 Earlier work on the computation of 3-point functions for holographic RG flows may be found in [43, 44] .
generalisation of the inflationary mechanism to strongly coupled gravity, in which the properties of cosmological perturbations may be determined through three-dimensional perturbative QFT calculations.
In order to perform such calculations, it is necessary to specify more precisely the nature of the dual QFT. Ideally, one would be able to deduce this from first principles via some string/M-theoretic construction. In the absence of such a construction, we will instead pursue a (holographic) phenomenological approach. As with other known holographic dualities, the dual QFT will in general involve scalars, fermions and gauge fields, and it should admit a large N limit. The question is then whether one can find a theory which is compatible with current observations.
An additional guiding principle is to consider QFTs of the type that feature in the description of holographic RG flows. This holographic description is well understood for two classes of domain-wall spacetimes, namely, those that are asymptotically anti-de Sitter, and those with asymptotically power-law scaling. Under the domain-wall/cosmology correspondence, these correspond respectively to asymptotically de Sitter, and to asymptotically power-law cosmologies. The first class of domain-wall solutions describe QFTs that are either deformations of CFTs, or else CFTs in a nontrivial vacuum state, while the second class describes QFTs with a single dimensionful parameter in the regime in which the dimensionality of the coupling constant drives the dynamics [45] . Examples of such dualities are provided by considering the near-horizon limit of the non-conformal branes [46, 47] . The detailed holographic dictionary for these theories has been worked out only relatively recently [48, 45, 49] . These theories are characterised by the fact that they have a 'generalised conformal structure' [50, 51, 52, 45] .
In particular, all terms in the Lagrangian have the same scaling dimension, which is however different from the spacetime dimension.
Focusing on this second class, we will consider here super-renormalisable theories that contain one dimensionful coupling constant. A prototype example is three-dimensional SU (N )
Yang-Mills theory coupled to a number of scalars and fermions, all transforming in the adjoint of SU (N ). Theories of this type are typical in AdS/CFT where they appear as the worldvolume theories of D-branes. A general such model that admits a large N limit is
where we consider N A gauge fields
Note that g 2 YM has dimension one in three dimensions. In general, the Lagrangian (2) will also contain dimension-four interaction terms (see [34] ). We will leave these interaction unspecified, however, as they do not contribute to the leading order calculations we will perform here.
As shown in [33, 34, 35] , it is straightforward to find holographic models of this form that yield cosmological predictions compatible with current observations. Generically, we obtain a nearly scale-invariant spectrum of small amplitude perturbations, where the overall amplitudes of the power spectra scale as ∼ 1/N 2 , and their deviation from scale invariance is of order the dimensionless effective coupling, g 2 eff = g 2 YM N/q, where q is a typical momentum. In particular, the small observed amplitude ∼ O(10 −9 ) of the scalar power spectrum implies N ∼ O(10 4 ) consistent with the large N limit, while the smallness of the observed deviation from scale invariance ∼ O(10 −2 ) is consistent with the assumed weak coupling limit where g 2 eff ≪ 1. Through appropriate choice of the field content of the dual QFT, it is further possible to satisfy the current observational upper bounds on the ratio of tensors to scalars.
A distinctive prediction of these holographic models is a well-defined running of the spectral indices: in the scalar case, for example, the running is given by minus the deviation from scale invariance. This prediction is markedly different from conventional slow-roll inflation, where the running is heavily suppressed, and may potentially be excluded by the forthcoming Planck data [35] .
Having established a precise holographic formula linking the cosmological bispectrum to the 3-point function for the dual stress-energy tensor, our second major goal will be to use this formula to predict the cosmological non-Gaussianity arising from a weakly coupled dual QFT of the form (2) . These predictions will complement those for the power spectra discussed above, and may potentially reveal further distinctive observational signatures of holographic models.
The remainder of this paper is organised as follows. In Section 2, we discuss perturbation theory for domain-walls and cosmologies at quadratic order: after defining the metric fluctuations and the gauge-invariant curvature perturbation ζ, we evaluate the cubic interaction Hamiltonian and set up the domain-wall/cosmology correspondence. We also introduce response functions relating the curvature perturbation to its corresponding canonical momentum; these response functions will play a central role in our subsequent holographic analysis.
In Section 3, we summarise the calculation of the cosmological bispectrum and show how to re-write it in terms of response functions. We then proceed, in Section 4, with the holographic calculation of the 3-point function for the trace of the dual stress-energy tensor. After a brief introduction to the radial Hamiltonian holographic renormalisation methods we use, we compute the holographic 3-point function for both asymptotically AdS and asymptotically power-law domain-walls. Finally, in Section 5, we combine these results to show how the cosmological observables may be expressed in terms of correlation functions of the dual QFT, and in Section 6, after performing the relevant QFT calculations, we arrive at a holographic prediction for primordial non-Gaussianity.
2 Perturbed domain-walls and cosmologies
Defining the perturbations
Domain-walls and cosmologies may be described in a unified fashion via the ADM metric
where the perturbed lapse and shift functions may be written to second order as
with σ = +1 for a Euclidean domain-wall 3 (whereupon z becomes the transverse radial coordinate) and σ = −1 for a cosmology (whereupon z becomes the cosmological proper time).
The spatial indices i, j run from 1 to 3, and we have assumed (for simplicity) the background geometry to be spatially flat.
The δg 00 metric perturbation is then
where here, and in the remainder of the paper, we adopt the convention that repeated covariant indices are summed using the Kronecker delta (in contrast, an index is raised or lowered by the full metric). The remaining perturbations may be decomposed into scalar, vector and tensor pieces according to
3 A Lorentzian domain-wall can be obtained by continuing one of the x i coordinates to become time [38] . The continuation to a Euclidean domain-wall is convenient, however, since the QFT vacuum implicit in the Euclidean formulation maps to the Bunch-Davies vacuum on the cosmology side. Other choices of vacua may be accommodated using the real-time formalism of [53] . This is an interesting extension that we leave for future work. where the vector perturbations ν i and ω i are transverse, and the tensor perturbation γ ij is transverse traceless. We similarly decompose the inflaton Φ into a background piece ϕ and a perturbation δϕ,
These formulae are understood to hold to second order in perturbation theory.
We define ζ(z, x), the curvature perturbation on uniform energy density slices, so that in comoving gauge where δϕ vanishes, the spatial part of the perturbed metric reads
whereγ ij is transverse traceless 4 . This definition may then be straight-forwardly recast into the general gauge-invariant form (see Appendix A for details)
whereξ k = χ ,k + ω k . Here, and throughout, we use dots to denote differentiation with respect to z and we set H =ȧ/a. The transverse projection operator π ij is defined as
The physical significance of ζ is that it is conserved on super-horizon scales, in the absence of entropy perturbations. This holds to all orders in perturbation theory [54] , and serves to connect the behaviour of modes as they exit the horizon during the inflationary epoch to their initial conditions at horizon re-entry in the subsequent radiation-and matter-dominated eras.
Equations of motion
In the ADM formalism, the combined domain-wall/cosmology action for a single minimally coupled scalar field takes the form
where
/N is the extrinsic curvature of constant-z slices, and we have taken the scalar field Φ to be dimensionless. In this expression, the spatial gradient and potential terms appear with positive sign for Euclidean domain-walls and with negative sign for Lorentzian cosmologies, as indeed they should.
We will restrict our consideration to background solutions in which the evolution of the scalar field ϕ(z) is (piece-wise) monotonic in z. For such solutions, ϕ(z) can in principle be inverted to z(ϕ), allowing the Hubble rate H =ȧ/a to be re-expressed as a function of ϕ, i.e.,
. The complete equations of motion for the background then take the simple formȧ
In cosmology, this first-order formalism dates back to the work of [11] , where it was obtained by application of the Hamilton-Jacobi method. For domain-walls, this formalism has been discussed from variety of standpoints (gravitational stability, Hamilton-Jacobi method, fake supersymmetry) in [37, 55, 56, 57, 58] . In this context, the function W (ϕ) is the 'fake superpotential' (i.e., when the domain-wall solution is a supersymmetric solution of a supergravity theory, W (ϕ) is the true superpotential).
Turning now to the perturbations, following Maldacena [14] , the cubic action for ζ may be derived by solving the Hamiltonian and momentum constraints and backsubstituting into the Lagrangian. Keeping careful track of the sign σ, we find
where ǫ = −Ḣ/H 2 =φ 2 /2H 2 (note we do not use the slow roll approximation) andν =
In the Hamiltonian formalism, one then has the quadratic free Hamiltonian
is (κ 2 times) the canonical momentum conjugate to ζ, and the cubic interaction Hamiltonian
where in this expressionν = (1/2a
Passing to momentum space, one finds
where here, and in the remainder of the paper, we will use the shorthand notations
The coefficients A, B, C and D may be written as
where the magnitudes q i = + q 2 i and the symmetric polynomials
Note that [[dq 2 dq 3 ]], as defined in (17), implicitly depends on q 1 through the overall delta function expressing momentum conservation.
Response functions
Given a perturbative solution ζ of the classical equations of motion, we may formally expand Π in terms of ζ to any given order in perturbation theory. At quadratic order, we may thus
where we will refer to the functions Ω and Λ defined by this equation as response functions.
(Note we have made use here of the translation invariance of the background 3-geometry). In momentum space, we then have
Rotational invariance and momentum conservation (which in particular implies 2( q 2 · q 3 ) =
imply that Ω and Λ are scalar functions of the magnitudes q i such that Ω(− q 1 ) = Ω( q 1 ) = Ω(q 1 ) and Λ( q 2 , q 3 ) = Λ(q 1 , q 2 , q 3 ). Thus, in the following, we will simply write
Inserting this definition into (23) and expanding to quadratic order, making use of (22), we find the response functions satisfy
It is now straightforward to solve (28) perturbatively, starting from a solution of the linearised problem (27) . Specifically, given a solution ζ q (z) of the linearised equation of motion
it follows that
is a solution of (27) , and that
The solution for Λ is then
where we will leave the lower limit z 0 in the integral unspecified for the time being.
The domain-wall/cosmology correspondence
Examining (11), (22) and (23) closely, we see that a perturbed cosmological solution expressed in terms of κ 2 and q i analytically continues to a perturbed domain-wall solution expressed in terms ofκ 2 and q i , whereκ
The first continuation serves to reverse the sign of the potential in (11) (taking, for example, dS to AdS), while the second ensures that q 2 i = −q 2 i , accounting for the necessary sign changes in the equations of motion (22) and (23) (specifically, in the coefficients A, B, C and D, as well as in the first term on the r.h.s. of (23)). The choice of branch cut we made in this latter continuation (i.e.,q i = −iq i rather thanq i = +iq i ) is determined by the necessity of mapping the cosmological Bunch-Davies vacuum behaviour, ζ ∼ e −iqτ as τ → −∞ (where τ = dz/a), to the domain-wall solution that decays smoothly in the interior, ζ ∼ eq τ as τ → −∞, as required for the computation of holographic correlation functions.
For the response functions, we see likewise that if we define Ω(q) and Λ(q i ) to be the cosmological response functions with σ = −1, then the domain-wall response functionsΩ(q) andΛ(q i ) are given by the simple analytic continuation
(Note that the response functions, as defined here, are independent of κ 2 ).
In the remainder of this paper, we will use the unbarred variables κ 2 , q i and the response functions Ω and Λ when performing cosmological calculations, and the barred variablesκ 2 , q i and response functionsΩ andΛ for domain-wall calculations. To analytically continue the results from domain-walls to cosmologies, and vice versa, we use (34) and (35) .
Finally, let us note the analytic continuations (34) may equivalently be expressed in terms of QFT variables asN
whereN is the rank of the gauge group of the QFT dual to the domain-wall spacetime, and N is the rank of the gauge group of the pseudo-QFT dual to the corresponding cosmology.
These relations follow from (34) , noting that in the standard holographic dictionaryκ −2 ∝N 2 , working in units where the AdS radius has been set to unity 5 . Our choice of branch cut in the continuation ofN ensures that the dimensionless effective QFT coupling, g 2 eff = g 2 YMN /q = g 2 YM N/q, does not change when we analytically continue from QFT to pseudo-QFT. This is important because the QFT correlators may in general be non-analytic functions of g 2 eff at large N [59, 60] .
3 The cosmological bispectrum
Computation using response functions
In this section we compute the 3-point function of cosmological curvature perturbations in terms of the second-order response function Λ.
We begin by quantising the interaction picture field ζ such that
(recalling that z plays the role of proper time here), or equivalently, in momentum space,
The creation and annihilation operators obey the usual commutation relations
In these expressions, the mode function ζ q (z) is a solution of the linearised equation of motion (30) , with initial conditions specified by the Bunch-Davies vacuum condition.
At tree level, the 3-point function in the in-in formalism may then be evaluated according to the standard formula [14] ζ (z,
where, to ensure convergence, a suitable infinitesimal rotation of the contour of integration is understood. The lower limit z 0 represents some very early time (corresponding to τ very large and negative) at which the interactions are assumed to be switched on. Note that both the operators appearing in the commutator in this formula are taken to be normal ordered as indicated.
Inserting the operator equivalent of (16) forĤ (3) in the above formula, we may now proceed to evaluate the commutator explicitly, noting that for the cubic terms inĤ (3) we may replacê
In this manner, we find the full 3-point function
where in the last line we have used (33) . The lower limit of integration z 0 in (33) should thus be identified with the lower limit z 0 in (40) . With this choice, we find Λ → 0 as z → z 0 , consistent with the expected behaviour ζ( q) → ζ q and Π( q) → Ω(q)ζ q prior to the switching on of the interactions.
Introducing the notation
the bispectrum of curvature perturbations ζ (z,
where, as usual, the 2-point function is
Noting that the linearised mode functions obey the Wronskian normalisation condition
we may express the 2-point function in terms of the response function Ω,
Equations (47) and (44) are the main result of this section: they express the power spectrum and the bispectrum in terms of response functions. As we will see in the next section, these response functions (after analytic continuation) are directly related with 2-and 3-point functions of strongly coupled QFT via standard gauge/gravity duality.
An example: slow-roll inflation
As an illustration, let us use our results above to calculate the bispectrum to leading order in the slow-roll approximation. As noted by Maldacena [14] , this calculation is most easily performed using the field redefinition
where the dots indicate terms that vanish outside the horizon or are of higher order in slow roll. The cubic action (12) may then be rewritten to leading order in slow roll as
Comparing with (12), we see that the field redefinition makes manifest the fact that the interaction is really of second order in the slow-roll parameter ǫ. The interaction Hamiltonian for ζ c then has only the single term
To evaluate the late-time value of the response function Λ, we use the formula (33), substituting in the de Sitter solution
for the linearised mode functions. Here, the asterisk indicates taking the value at the time of horizon crossing z = z * (where q ≈ a(z * )H(z * )), while the conformal time τ = dz/a. We also use the fact that, to leading order in slow roll, the linear response function
since a ≈ −1/H * τ and time derivatives of ǫ * and H * are of higher order in slow roll.
We thus find
where the integration contour has been suitably rotated so as to ensure convergence of the lower limit and the subscript zero, both here and below, denotes the value in the late-time
in agreement with [14] , recalling that ϕ here is dimensionless. As in [14] , we then recover the 3-point function for ζ via the field redefinition (48). This yields the usual result for approximately equal momenta, namely
4 Holographic 3-point functions
Holographic analysis
Before commencing with our main holographic calculation in Section 4.2, let us first pause to briefly review some of the relevant background material for this calculation.
Background solutions
As mentioned briefly in the introduction to this paper, there are two general classes of domainwall solutions for which a well understood holographic description exists. We list these classes below: it is for these backgrounds that our holographic framework for cosmology is most readily applicable.
(i) Asymptotically AdS domain-walls.
In this case the solution behaves asymptotically as
The boundary theory has a UV fixed point which corresponds to the bulk AdS critical point. Depending on the rate at which ϕ approaches zero as z → ∞, the QFT is either a deformation of the conformal field theory (CFT), or else the CFT in a state in which the dual scalar operator acquires a nonvanishing vacuum expectation value (see [61] for details). Under the domain-wall/cosmology correspondence, these solutions are mapped to cosmologies that are asymptotically de Sitter at late times.
(ii) Asymptotically power-law solutions.
where z 0 = n−1 > 0. In particular, for n = 7 the asymptotic geometry is the nearhorizon limit of a stack of D2 brane solutions. In general, these solutions describe QFTs with a single dimensionful coupling constant (i.e., QFTs of the form (2)), in the regime where the dimensionality of the coupling constant drives the dynamics [45] . Under the domain-wall/cosmology correspondence, these solutions are mapped to cosmologies that are asymptotically power-law at late times.
Asymptotic analysis
Holography relates bulk fields to local gauge-invariant operators of the boundary QFT. In particular, the bulk metric is related to the boundary stress-energy tensor T ij . Bulk scalar fields, such as the inflaton, correspond to boundary scalar operators (e.g., trF ij F ij ). More precisely, the map is specified as follows. First, recall that in order to define a quantum theory we must specify the behaviour of the fields at infinity. In a gravitational theory, this means in particular that the spacetime asymptotics must be prescribed. In gauge/gravity duality, the fields that specify the boundary conditions on the bulk side are identified with the sources of the boundary QFT operators [62, 63] . Correlation functions for these gaugeinvariant operators may then be extracted from the asymptotics of bulk solutions. Conversely,
given the correlation functions of dual operators, one may reconstruct the bulk asymptotics.
Thus, to define the bulk theory, we need to specify appropriate boundary conditions. These boundary conditions must involve an arbitrary metric, since this will act as a source for the stress-energy tensor. Such boundary conditions are supplied by giving an asymptotically locally AdS metric, which in four dimensions takes the form 6 ,
This encompasses the boundary conditions for the bulk metric, both for asymptotically AdS domain-walls and for asymptotically power-law solutions. In the former case, the radial coordinate r may be identified with z, and 2m = 3. For asymptotically power-law solutions, one may perform a conformal transformation to the dual frame [47] defined byg ij = exp(−λΦ)g ij , where λ = 2/n. The asymptotic solution above then describes the most general asymptotics for the dual frame metricg ij , where now 2m = (3n − 1)/(n − 1) > 3 and r = exp(−λΦ/2)dz (see [45] for details). In general, much of the holographic analysis for spacetimes with powerlaw asymptotics may be obtained from that for asymptotically AdS 2m+1 spacetimes, which are related to power-law spacetimes via a dimensional reduction on a T 2m−3 torus and analytic continuation in m [49] .
In the asymptotic expansion (58), the leading coefficient g (0)ij (x) is an arbitrary (nondegenerate) three-dimensional metric of the conformal boundary of the bulk spacetime. Since this is the metric on which the dual QFT lives, g (0)ij acts as the source for the dual stress-energy tensor T ij . The subleading coefficients g (2k)ij (x), with k < m, are then locally determined in terms of g (0)ij via an asymptotic analysis of the field equations. The coefficient g (2m)ij (x), however, is only partially constained by this asymptotic analysis. (On the QFT side, these constraints correspond to the QFT Ward identities). In fact, one finds that the coefficient g (2m)ij (x) is directly related to the expectation value of the boundary stress-energy tensor [64, 45] :
An analogous relation also exists for the expectation value of the dual scalar operator in terms of the asymptotic behaviour of the bulk scalar field (see [64, 45] for details). We emphasize that this result only requires that Einstein equations hold asymptotically.
Here, we focused our discussion on the stress-energy tensor. An analogous discussion holds for all operators: one should specify boundary conditions for the corresponding bulk fields (and this is part of the definition of the theory). If one includes such additional fields, then the holographic formulae such as (59) will in general acquire additional terms [65, 66] , but the structure described above remains the same. More importantly for our purposes, since we are only interested in correlation functions of the stress-energy tensor, we only need to turn on a source for the stress-energy tensor, in which case the formulae above hold unchanged (modulo contributions to (59) from condensates of low-dimension operators, cf. the discussion of the Coulomb branch flow in [65, 66] . Such cases can be analysed along similar lines but we will not discuss this here).
The relation (59) may be read in two ways: (i) given a bulk gravitational solution we may read off the dual QFT data encoded by the solution; (ii) given QFT data we may reconstruct the bulk asymptotic solution. We stress that this asymptotic reconstruction is possible even when gravity is strongly coupled in the interior. The coefficients up to g (2m)ij just encode the boundary conditions, i.e., the fact that we are considering asymptotically locally AdS configurations (in the dual frame for the power-law case). In gauge/gravity duality, these terms encode the fact that we have turned on a source for the dual operator (the stress-energy tensor for the case at hand) and this is unrelated to whether the dual QFT is at weak or strong coupling. The first term to depend on the bulk dynamics is g (2m)ij . When gravity is weakly coupled, this coefficient is determined by the behaviour of the gravitational solution deep in the interior. When gravity is strongly coupled, this coefficient should be obtained by solving the full stringy dynamics in the interior. Gauge/gravity duality requires that the value obtained this way must agree with the g (2m)ij determined via (59) from the weakly coupled dual QFT.
Radial Hamiltonian formulation
In the following, rather than using (59) directly, we will instead employ the radial Hamiltonian formulation of [41, 42] . Here, the radial direction plays a role equivalent to that of time in the usual Hamiltonian formalism. The radial Hamiltonian formulation has a number of advantages for our present purposes; in particular, it leads to a universal formula for the 1-point function that is independent of any of the issues (additional fields, etc.) discussed in the previous subsection. It also permits us to work with an arbitrary potential for the scalar field, so long as this potential admits background solutions of either the asymptotically AdS or asymptotically power-law form 7 .
A key feature of spacetimes of the form (58) is that, to leading order as r → ∞, the radial derivative is equal to the dilatation operator δ D , i.e.,
taking the bulk field Φ to be dual to a scalar operator of weight ∆. This equivalence allows one to trade the asymptotic radial expansion (58) for a covariant expansion in eigenfunctions of the dilatation operator. By definition, an eigenfunction A (n) of weight n satisfies
From (60), A (n) ∼ e −nr (1 + O(e −2r )), so the radial expansion and the expansion in eigenfunctions of the dilatation operator are closely related. The latter expansion is manifestly covariant, however, whereas expanding in the bulk radial coordinate is not a covariant operation.
In the radial Hamiltonian formalism then, the expectation value of the dual stress-energy tensor is given by
where Π ij is the radial canonical momentum in 'synchronous' (Fefferman-Graham) gauge where N i = 0 and N = 1, and the subscript indicates taking the piece with overall dilatation weight 8 three. This is the universal formula we alluded to above 9 . To extract the piece with dilatation weight three, Π ij may first be decomposed in eigenfunctions of the dilatation operator. In general, the radial canonical momentum will contain pieces with weight less than three: the process of holographic renormalisation then amounts to determining these terms through the asymptotic analysis and subtracting them. In [42, 41] , it is shown that removing these pieces is equivalent to adding local boundary covariant counterterms to the on-shell action. 7 In contrast, the formula (59) must be established on a case by case basis for different potentials, as in [64, 65, 66] . 8 In odd bulk dimensions the transformation of this specific coefficient also has an additional anomalous contribution due to the conformal anomaly [67] . In our case there is no anomaly, however, and this coefficient is a true eigenfunction of δ D .
9 While (62) holds universally, expressing Π i j in terms of the coefficients in the asymptotic expansion of the bulk fields depends on the details of theory under consideration (field content, interactions, etc.). Fortunately, we will not need this information here.
For asymptotically AdS domain-walls, the radial canonical momentum is
where K ij = (1/2)∂ z g ij is the extrinsic curvature of constant-z slices. (Recall for domain-walls, the z coordinate is a radial variable). In the case of asymptotically power-law domain-walls, the relevant radial canonical momentum is instead that of the dual frame [45] , namelỹ
Here, all tilded quantities belong to the dual frame and ∂ r = e λϕ/2 ∂ z . (Note the r.h.s. of (62) should also be evaluated in the dual frame).
3-point functions
Starting with the 1-point function in the presence of sources, T ij s (given by (62) above), higher correlation functions may be obtained through repeated functional differentiation with respect to the source g (0)kl , after which the source is set to its background value. In performing this operation, one must be careful to note that the stress-energy tensor T ij has itself a purely classical dependence on the metric; this additional metric dependence gives rise to contact terms, some of which we need to keep track of. Specifically, when computing the 3-point function, we need to retain semi-local contact terms in which only two of the three points involved are coincident, since terms of this form contribute to local-type non-Gaussianity as we will see later. We may, on the other hand, discard ultralocal contact terms in which all three points are coincident: such terms are generically scheme-dependent, i.e., they may be removed by the addition of finite local counterterms. The same is not true for the semi-local terms, which cannot be altered by finite local counterterms.
Expanding the 1-point function in the presence of sources to quadratic order about a flat background, we have
where the zero subscripts in the first line indicate setting the sources to their background value (i.e., setting g ij = δ ij ), and in the second line we have dropped all ultralocal contact terms, but retained those where only two points are coincident.
Setting g ij = (1 − 2ψ)δ ij (so that g ij = δ ij + δg ij = (1 + 2ψ + 4ψ 2 )δ ij ), and noting that
where the operators
Note that Υ is symmetric under interchange of its arguments, Υ( x 1 , x 2 ) = Υ( x 2 , x 1 ), since the definition above is equivalent to
In momentum space, we then have
where [[dq 2 dq 3 ]] is defined analogously to in (17), and we have introduced the shorthand
Computation of T T T
We are now ready to compute the 3-point function for the trace of the stress-energy tensor of the holographically dual QFT, considering first asymptotically AdS and then asymptotically power-law domain-wall backgrounds. Ultimately, we will see how the result may be simply expressed in terms of the domain-wall response functionsΩ andΛ.
Our basic strategy will be to expand the dual 1-point function in the presence of sources to quadratic order in ψ, as in (66) . The raw ingredients for the calculation will be the Hamiltonian and momentum constraint equations (given in Appendix B); the equation of motion (23); the gauge-invariant definition of ζ, (9) ; and the definition (26) of the response functions.
Asymptotically AdS case
Working in synchronous (Fefferman-Graham) gauge where N i = 0 and N = 1, for asymptotically AdS domain-walls we have
where h = h ii . We now wish to expand δ T i i (x) s to quadratic order in ψ. Let us start by reviewing the computation of δ T i i (x) s to linear order in ψ. To this end, we note first that, at linear order, the Hamiltonian and momentum constraints read 10
Setting the tensors γ ij to zero in (6) (noting they decouple at linear order), we obtaiṅ
It follows that, in order to obtain δ T i i (x) s to linear order in ψ, we need to find the relation between δφ and ψ to linear order. This is obtained by using the definition of the response function, along with (22) and the definition (9) of ζ to linear order. On one hand, we havė
and on the other hand,ζ
Thus, at linear order,
This is all that we need in order to derive the 2-point function (as we will do below). Moreover, in the calculations to follow, we will use these results to replace all δφ andḣ ij terms appearing in quadratic combinations.
We will now do the computation to quadratic order. The steps involved are the same; the main difference is that there are quadratic sources that are processed using (76). Let us start by examining the full Hamiltonian constraint at quadratic order. From (127), in position space we have
The spatial curvature terms R (1) and R (2) are simply local functions of ψ, however, (for example, R (1) = 4a −2 ∂ 2 ψ) and so holographically these terms contribute only ultralocal contact terms to δ T i i (x) s . We may therefore discard these terms immediately. The remaining quadratic terms may then be replaced using (76). Up to ultralocal contact terms, in momentum space this gives
where [[dq 2 dq 3 ]] is defined as in (17) .
We now need to express δφ in terms of ψ, working to quadratic order. Firstly, from the gauge-invariant definition (9) of ζ, in synchronous gauge we have
where we have omitted terms that vanish when the sources are restricted to h ij = −2ψδ ij , δϕ = 0. Upon replacing time-derivatives of perturbations in the quadratic terms using (76), we then finḋ
again dropping ultralocal contact terms. This is the analogue of (75) at quadratic order.
At linear order, the momentum constraint implied thatψ is proportional to δϕ (first equation in (72)). To quadratic order we geṫ
where again we omit terms that vanish when the sources are set to h ij = −2ψδ ij , δϕ = 0.
Using (76) for the quadratic terms, we then finḋ
We now work out the analogue of (74) to quadratic order. From (22) we obtain,
where we need retain only the semilocal contact terms appearing in B 123 .
Finally, we may now combine (78), (80), (82) and (83), symmetrise under q 2 ↔ q 3 , and substitute for B 123 , C 312 and D 123 using (20) and (21) . After many cancellations, we are left with the simple result
According to (71), we must now extract the piece with dilatation weight three. In the present case, with g ij and Φ as given in (4) and (7), the dilatation operator (60) evaluates to
As the terms of interest in (84) are independent of δϕ, however, their eigenfunction expansion under the full dilatation operator simply coincides with that obtained using the background dilatation operator. Noting that the scale factor a has dilatation weight minus one, we then
where the dots indicate terms that depend other sources. Comparing with (69), we then see
This is the main result of the present section: we have obtained holographic formulae for 2-and 3-point functions of the trace of the dual stress-energy tensor along a general holographic RG flow in terms of the response functionsΩ andΛ. While the formula for the 2-point function is of course already known [42] , the result for the 3-point function is new and should have applications beyond the current work. Note that the terms in (88) involving 2-point functions do not contribute when all three operators are at separated points. These formulae were derived above for asymptotically AdS domain-walls but we shall see in the next subsection that they also hold in the case of asymptotically power-law domain-walls.
In these formulae, the subscript zero indicates taking the piece of the response functions with zero weight under dilatations. To extract this piece correctly, one first expands the response functions in eigenfunctions of the dilatation operator, then determines the terms with eigenvalues less than zero through an asymptotic analysis of the response function equations of motion (27) and (28). (In this asymptotic analysis, one replaces radial derivatives with the dilatation operator according to (60) , and then collects together terms of equal dilatation weight). The weight zero pieces of the response functions are then obtained by subtracting these terms with negative dilatation weight from the full response functions and taking the limit z → ∞. (For an explicit worked example, see Section 4.3 of [34] ). The relevant issue here is that the subtraction of terms with negative weight (which diverge as z → ∞) may induce a change in the zero weight (finite) part as well.
Fortunately, however, we are saved from having to carry out any of this analysis in detail by virtue of the fact that the cosmological formula (44) for the bispectrum involves taking the imaginary part of the cosmological response function at late times. The counterterms one subtracts to obtain the weight-zero piece of the domain-wall response functions through the procedure described above are all analytic functions ofq 2 , and hence under the continuation q 2 = −q 2 , these terms remain real and so do not contribute to the imaginary part of the cosmological response functions.
Asymptotically power-law case
The holographic calculation for the case of asymptotically power-law domain-walls is very closely related to the calculations above for asymptotically AdS domain-walls.
The perturbed dual frame metric, when written in synchronous gauge so that the dual frame lapse and shift perturbations vanish, reads
whereã = ae −λϕ/2 and dr = e −λϕ/2 dz. The dual frame metric perturbationsh ij = −2ψδ ij + 2χ ,ij + 2ω (i,j) +γ ij may be expressed in terms of their Einstein frame counterparts through the relationsψ
Note that while the Einstein frame shift vanishes (δN i = 0), there is a nonzero Einstein frame lapse perturbation
The 1-point function in the presence of sources is given by the canonical momentum in the dual frame,
,
whereK ij = (1/2)∂ rgij . As in the case of asymptotically AdS domain-walls, we wish to expand the 1-point function in the presence of sources to quadratic order inψ. From (90), however, expanding in powers ofψ in the dual frame is equivalent to expanding in powers of ψ in the Einstein frame (i.e., the coefficients ofψ andψ 2 in the dual frame equal the coefficients of ψ and ψ 2 in the Einstein frame). Expanding (92) and converting dual frame perturbations into their Einstein frame equivalents, therefore, we find
where we have omitted all terms that do not contribute to the expansion in ψ.
In principle, one would now proceed as in the previous section, by expanding out the Hamiltonian and momentum constraints in the Einstein frame, using response functions to substitute for the radial derivatives of metric perturbations where necessary: the only difference here being that there is now a nonzero lapse perturbation δN . Fortunately, however, there is no need to repeat these calculations, since upon inspection of the constraint equations (127) and (130), we see that only the lapse perturbation δN and its spatial derivatives appear, and never the radial derivative δṄ . Thus, from (91), these additional terms involving the lapse perturbation do not contribute to the expansion of the 1-point function in powers of ψ. Similarly, the gauge-invariant variable ζ does not involve δN , as may be seen from (9).
We may therefore straightforwardly lift the result (84) from the previous section, whence
Extracting the component of appropriate dilatation weight, we therefore recover
exactly as in the case of asymptotically AdS domain-walls. The results (87) and (88) are thus valid for both asymptotically AdS and asymptotically power-law domain-walls.
Holographic formulae for cosmology
In Section 3, we saw that the power spectrum and the bispectrum may be expressed in terms of the cosmological response functions, and in the previous section, we saw that the domainwall response functions are related to 2-and 3-point functions of the dual QFT. We will now combine these results to obtain our main holographic formulae for cosmology.
Combining the late-time cosmological result (47) with our holographic result (87), we obtain the relation [33, 34] ζ (q)ζ(−q) = − 1 2Im T (−iq)T (iq)
.
Using (44) and our holographic result (88), together with (96), we find
This is our main result. Using these formulae one may compute cosmological observables from QFT correlation functions. These formulae were derived by working in the regime where gravity is valid everywhere: we postulate however that they hold generally, as we will now explore.
Holographic non-Gaussianity
Let us consider the case where the universe was non-geometric at early times, with the dual QFT providing a perturbative description. At late times, there is an asymptotic expansion for the cosmological metric corresponding to the domain-wall asymptotic expansion (58) . (For QFTs of the form (2), this metric would be that of the dual frame; the late-time Einstein frame metric then takes the power-law form (57)). Einstein's equations are therefore satisfied at late times, ensuring the conservation of ζ in the usual manner and permitting a smooth transition to standard hot big bang cosmology. To predict the spectrum and bispectrum of primordial scalar perturbations, we simply need to work out the relevant QFT correlators and insert them in the holographic formulae above. The computation of the power spectrum is discussed in detail in [34] . Here, we will compute the bispectrum. We will work throughout in the largeN limit, with Euclidean signature metric.
QFT results
From the QFT action (2), we see that propagators appear with a factor of g 2 YM , while vertices and insertions of the stress-energy tensor each contribute a factor of 1/g 2 YM . The leading contribution to the 3-point function T T T comes therefore from the 1-loop diagram in Figure 2 , which is of orderN 2 and involves only the free part of the Lagrangian. Interactions contribute to diagrams at 2-loop order and higher, but these are suppressed by factors of g 2 eff relative to the 1-loop contribution and will be neglected here (as discussed in [33, 34] , g 2 eff is of the order of n s −1 ∼ O(10 −2 )).
For spatially flat cosmologies, the background metric seen by the dual QFT is also flat.
The dual stress-energy tensor is then given by
where the contributions from the various fields in (2) are
Here, we suppress the contribution to the stress-energy tensor from the interaction terms in (2), as these terms do not contribute to the 1-loop computation. Note that the trace of the stress-energy tensors for both conformally coupled scalars and for massless fermions vanish on shell. This is a consequence of the Weyl invariance of the quadratic action for these fields (with the fields transforming nontrivially) when the action (2) is appropriately coupled to gravity.
The 2-point function for the full stress-energy tensor T ij was evaluated in [33, 34] . Here, we need only the results
As for the 3-point function, the 1-loop contribution from minimally coupled scalars shown in Figure 2 is given by
where in the evaluation of the integral we used the result 11
For gauge fields, the corresponding 1-loop contribution is given by
where the projection operator π ij (q) = δ ij −q iqj /q 2 and the contributions from the ghost and gauge-fixing terms cancel out, as one may have anticipated since the contribution of these terms to the stress-energy tensor is BRST-exact. Evaluating this integral, we find
The fact that the 3-point function of the vector fields is related to that of the scalars is not unexpected, since the vector fields are dual to scalar fields in three dimensions.
Massless fermions and conformally coupled scalars, however, make no contribution to the 3-point function:
The T Υ terms may be determined by direct calculation. In position space,
11 Note the l.h.s. reduces to a standard integral upon inverting all momenta, qi
We then find
Putting everything together, in the denominator of (97), we have
while in the numerator,
. (109) Note that the 2-point terms on the r.h.s. of (104) cancel the T A Υ A term in (107) leaving a result in which the dependence on the number of fields appears only as an overall prefactor of (N A + N φ ).
Holographic prediction for the bispectrum
Analytically continuingN andq according to (36) , the holographic formulae (96) and (97) yield, to leading order in g 2 eff , the results
where N = N A + N φ . (Note that the power spectrum is no longer exactly scale invariant when we include O(g 2 eff ) corrections, as detailed in [33, 34] ). Interestingly, these results are an exact fit to the factorisable equilateral template introduced in [9] , for which 
Remarkably, this result is completely independent of the field content of the dual QFT. The fact that we have only the equilateral type non-Gaussianity present, and not the local type, stems from the presence of the 2-point terms in our holographic formula (97). These serve to cancel out the local-type non-Gaussianity present in QFT 3-point correlators such as (101), yielding a cosmological bispectrum of the purely equilateral form.
Note that in (112) we are using the WMAP sign convention for f equil.
N L . The template (111) follows from that given in [4] for Φ B , the Bardeen curvature potential in the matter-dominated era, using the linearised relation Φ B = (3/5)ζ. Other authors have preferred to define f N L using the Newtonian potential in place of Φ B , which yields a value for f N L with the opposite sign. Physically, the two conventions are easily distinguished: with the WMAP convention used here, a positive value for f N L implies an excess of cold spots in the CMB.
Discussion
In this paper, we presented a holographic description of inflationary cosmology at quadratic order in perturbation theory, and initiated the holographic analysis of cosmological non- While an f N L of this magnitude is almost certainly too small to be directly measurable with the Planck satellite, the detection of much larger f N L values would of course eliminate the present class of holographic models. (Here, it should be understood that our prediction for f N L refers specifically to the residual primordial component once all non-Gaussianities arising from the post-inflationary evolution have been subtracted out).
The holographic models explored here may be distinguished from their conventional inflationary counterparts through a combination of the predicted running of the spectral index discussed in [35] , along with the predictions for the scalar bispectrum discussed above. Conventional inflationary models (meaning those based on weakly coupled gravity) that predict non-Gaussianity of the equilateral type include: ghost inflation [68] and DBI inflation [20] , which typically predict f 1 [70] . Nevertheless, in all these cases, the bispectrum is only approximately of the equilateral type, unlike the exact equilateral form found in the case of the holographic models.
Finally, let us remark that the methods we have developed in this paper are straightforwardly applicable to other forms of holographic non-Gaussianity. We will report holographic results for cosmological 3-point correlators involving tensors in a forthcoming publication [40] .
Beyond this, the holographic calculation of the scalar trispectrum 12 appears a worthy target for future endeavours.
The transformed metric perturbations, decomposed as in (6) , are theň φ = (1/2)σδǧ 00 ,ν i = a −2 π ij δǧ 0j , ν = a −2 ∂ −2 ∂ i δǧ 0i ,ω i = a −2 π ij ∂ k ∂ −2 δǧ jk , ψ = −(1/4)a −2 π ij δǧ ij ,γ ij = a −2 Π ijkl δǧ kl , χ = (1/2)a −2 (δ ij − (3/2)π ij )∂ −2 δǧ ij ,
where the transverse and transverse traceless projection operators are
These formulae may then be evaluated explicitly as required. Writing ξ µ = (α, δ ij ξ j ) (where ξ i may be further decomposed as ξ i = β ,i + γ i , where γ i is transverse), we find that, for example,
Similarly, the scalar field perturbation transforms as δφ = δϕ + £ ξ ϕ + £ ξ δϕ + (1/2)£ 2 ξ ϕ = δϕ + αφ + αδφ + ξ i δϕ ,i + (1/2)φα 2 + (1/2)φαα + (1/2)φξ i α ,i .
To identify the gauge-invariant definition of ζ, we consider transforming from a general gauge to the fully-fixed comoving gauge where Recalling thatγ ij is transverse traceless, we see that χ co and ω co i vanish at linear order in perturbation theory. Since at linear order
we therefore require α = −δϕ/φ and ξ i = −ξ i at linear order, whereξ i ≡ χ ,i + ω i . Using these first order quantities, we may then solve (119) to set δϕ co = 0 at quadratic order. To pass to comoving gauge at quadratic order thus requires a change of slicing
(One may similarly solve for ξ i to second order, however we will not need this quantity here). 
On the other hand, from (116) and (120),
Upon inversion, this yields
using the fact thatγ ij = γ ij to linear order. The gauge-invariant expression (9) for ζ at quadratic order then follows directly. We have checked the gauge-invariance of this expression explicitly.
B Constraint equations
In this appendix, we present the domain-wall Hamiltonian and momentum constraint equations to quadratic order, as required for our holographic calculations in Section 4.2. We will assume the shift has been gauged to zero (N i = 0), but otherwise retain all perturbations.
The full Hamiltonian constraint reads
where 
where repeated covariant indices are to be summed over using the Kronecker delta, and h ≡ h ii .
For the purposes of our holographic calculations, we will not need to evaluate R (2) explicitly.
Similarly, the momentum constraint 
